The paper presents a method for 2-D and 3-D seismic raytracing using graph theory. The shortest path between the source and receiver is computed over the 'basis' graph where connections between vertices have weights proportional to the velocity of the underlying structure. The method guarantees a stable global minimum travel time, and does not require derivatives or initial value. It is particularly suitable for tracing seismic rays propagating in the inhomogeneous media, and is an extension of similar network-based methods.
INTRODUCTION
Seismic ray tracing is important in forward and inverse modeling, particularly when the velocity structure is heterogeneous and finding a global minimum travel time is complicated. Several basic methods for the ray tracing currently exist: (a) ray shooting, (b) ray bending, (b) finite difference, and (c) graph theory. Comparison of the finite-difference and graph-theory methods was provided by Klimes and Kvasnicka (1994) , who suggested superiority of the latest. Efficiency of the ray-tracing based on the graph theory was addressed in the works of Saito (1990) , Moser (1991) , Fischer (1993) , Zhang and Toksoz (1998) , Zhao et al. (2004) and Urdaneta and Biondi (2001) . A 3-D robust network ray tracer was proposed by Nishi (2001) in application for volcanic regions. It was noted byČervený (2000) that the method of network ray tracing can also be generalized for 3-D inhomogeneous anisotropic media.
SHORTEST PATH SOLUTION USING DIJKSTRA'S AL-GORITHM
According to Fermat's minimum-time principle, the first-arrival travel time is the minimum time over all possible paths connecting a point source and receiver,Červený (2000). We consider the problem of finding shortest path from a given origin vertex (source) to the end vertex (receiver), when edges of the graph have any length l i j > 0. The optimality principle, known also as Bellman's principle, says that if the shortest path P j : 1 → j has the last edge (i, j), then P i : 1 → i (dropping (i, j) from P j ) is the shortest path 1 → i:
Dijkstra's algorithm, Dijkstra (1959) is a labeling procedure, when at each stage of computation each vertex gets a permanent or a temporary label, and iterations proceed until all verteces are visited.
In a ray tracing problem the length of edges of the graph l i j are travel times which is a ratio between speed of wave propagation, given by velocity structure, and distance between verteces i and j. The optimal graph for this type of problem will have multiple connections between adjacent verteces to allow ray travelling at various angles.
BUILDING A BASIS GRAPH
The error of the ray tracer depends on angle resolution (number of rays connected to the node) and space resolution (size of the block), Moser (1991) . Therefore, using a 'mother' graph cell with multiple connections and of a small size is important. As a result of basis graph construction, several matrices are created: (a) adjacency matrix, C G , of size n × n, (b) distance matrix indicating distances between nodes, D G , with size n × n, and (c) matrix of node coordinates, C R , with size n × d, where d=2 for 2-D and d=3 for 3-D problems. Yale sparse matrix format, Birkhoff and Schoenstat (1984) , was used to store and manipulate these matrices.
VELOCITY MODEL FOR THE BASIS GRAPH
Velocity structure matrix, V P , with size n × d, where d=2 for 2-D and d=3 for 3-D problems, is introduced at a set of points that covers the region of the basis graph. Initially, the velocity values are specified for the target points where such information exists. Afterwards, the values are linearly interpolated to the verteces of the basis graph using input from matrix C R . In this way, first two columns of V P of length n contain coordinates of nodes, and third column provide values of the interpolated velocity.
An example of the V P matrix for 2-D problem built using Matlab function peaks for the basis graph 14×14 is given in Figure 3 . This example is used in the next sections to test the proposed ray-tracing method for the inhomogeneous medium. 
WAVEFRONT EXPANSION AND SHORTEST PATH PROB-LEM
A wavefront from a point source at step i consists of all vertices of the basis graph connected to the wavefront points at step (i − 1). Once the vertices were included in the wavefront at step (i − 1), they cannot be part of the wavefront during the next steps. Also, at the first step the wavefront is formed by all points of the basis graph connected to the source point.
Expansion of the wavefront is achieved by locating cells adjacent to the outer front at step (i − 1). Figure 4 demonstrates the process of the wave-front expansion in 2-D from a point source during the first four steps. The search for a minimum ray path is achieved in the following way: for each point located on the facet of a cell on the wave front at step (i − 1), visit all points belonging to the adjoined cell, and all its neighbors (2 cells in 2-D and 3 cells in 3-D problem), which are all within the expanded wave front at step i.
In this way, a seismic ray is allowed to bend in all directions, keeping at the same time at minimum the number of calculation steps. The time required for a ray to travel from a point A on the basis graph to an adjacent point B is a ratio between the distance A − B taken from the matrix D G , and the average value of velocity for points A and B from the matrix V P .
ALGORITHM TESTING
In order to verify that the proposed method converges to a global minimum in a fast and efficient way, a 2-D test model using a basis graph of size 10×10 was constructed. The irregular velocity model, i.e. matrix V P , was described by Matlab function peaks, which gives one global maximum, one global minimum and three local peaks, Figure 3 . The ray tracing was performed for different combinations of the coordinates of the source and the receiver, while the ray path was crossing the regions with highly varying velocity. The results of the ray-tracing using the 2-D model are shown in Figure 5 . It is obvious that the proposed method works effectively on a complicated velocity structure and locates the global minimum travel time. It can be also observed that the ray bending follows the landscape of the velocity of the medium following the idea of Fermat's minimum-time principle.
The CPU time for the test model was ≈2 seconds using Matlab on 2.4 GHz Core2Duo processor PC with 2 Gb RAM. Doubling the number of cells per each direction of the basis graph to 20×20 increases the CPU time up to ≈10 sec, and following increase to 40×40 results in ≈105 seconds. For the current model relationship between CPU time and number of graph cells along one direction of a 2-D problem, N, is presumably proportional to N 3 . The computation time is drastically increasing when search for the shortest path is performed on the wavefronts located at large distances from the source point. Therefore, any knowledge of the variation of the velocity structure that would allow to stop search in a particular direction once a certain condition is met, would considerably speed up the algorithm.
CONCLUSIONS
A seismic ray-tracing method based on graph theory and expanding wave-fronts was described. The 'mother' graph consists of 12 points for 2-D problems and 78 points for 3-D. Sparse matrix operations and an efficient search for a minimum travel time within the expanding wave fronts allows computing a global travel-time minimum. 
